We investigate the quantum aspects of three-dimensional gravity with a positive cosmological constant. The reduced phase space of the three-dimensional de Sitter gravity is obtained as the space which consists of the Kerr-de Sitter space-times and their Virasoro deformations. A quantization of the phase space is carried out by the geometric quantization of the coadjoint orbits of the asymptotic Virasoro symmetries. The Virasoro algebras with real central charges are obtained as the quantum asymptotic symmetries. The states of globally de Sitter and point particle solutions become the primary states of the unitary irreducible representations of the Virasoro algebras. It is shown that those states are perturbatively stable at the quantum level. The Virasoro deformations of these solutions correspond to the excited states in the unitary irreducible representations. In view of the dS/CFT correspondence, we also study the relationship between the Liouville field theory obtained by a reduction of the SL(2;C) Chern-Simons theory and the three-dimensional gravity both classically and quantum mechanically. In the analyses of the both theories, the Kerr-de Sitter geometries with nonzero angular momenta do not give the unitary representations of the Virasoro algebras. * umetsu@post.kek.jp and umetsu@nbi.dk † yokoi@icrr.u-tokyo.ac.jp
Introduction
Quantum gravity on de Sitter space-time attracts much interest owing to not only conceptual problems [1] (see also [2] and references therein) but also recent astronomical observations [3, 4] .
Recently it was proposed that the gravity with a positive cosmological constant has a dual description by the Euclidean conformal field theory on the infinitely past or future boundary [5] (see also [6] ). Since de Sitter space-time has no everywhere time-like Killing vector, constructions of quantum field theories on that space could be non-trivial. And it is known that the quantum field theories on de Sitter space has some peculiar features, e.g., the existence of various possible vacua [6, 7] . To deeply understand this correspondence, proper investigations of quantum theories of de Sitter gravity is needed because one has no well-defined stringy example of de Sitter space-time. Since in three dimensions a gauge theoretical description of the gravity is known [8, 9] , it seems that we can analyze the gravity at the quantum level 1 .
Our aim in this paper is to construct concretely a quantum theory of the three-dimensional gravity with a positive cosmological constant. For this end, we use the similar procedures to those used in Ref. [17] to investigate a quantum anti-de Sitter gravity. We first construct the phase space of this system by using the SL(2;C) Chern-Simons description of the threedimensional gravity [18] . The phase space consists of solutions of the equations of motion under the boundary conditions that the space-time should approach to de Sitter space in the asymptotically past [5] . It includes the Kerr-de Sitter geometries [19, 20] as particular solutions.
The Virasoro algebras which are reduced symmetries of the gauge symmetry act on this space by their coadjoint forms and their central charges are given by a well-known value c = 3l 2G . Each geometry corresponding to an element on the phase space can be represented as a non-compact region in SL(2;C)/SU(1,1) and its metric is induced from the Killing metric of SL(2;C)/SU (1, 1) .
The actions of the Virasoro algebras on the phase space can be interpreted as deformations of that region. The family which consists of geometries connected with each other by the Virasoro deformations is identified with a product of the coadjoint orbits of the conformal groups labeled by mass and angular momentum of the Kerr-de Sitter geometry. Since the conformal group is not globally well-defined, our discussion of the coadjoint orbit would be formal. Thus we mainly concentrate on the infinitesimal deformations of the Kerr-de Sitter geometries and neighborhood of the elements corresponding to those Kerr-de Sitter geometries on the orbits.
In the section 3 we consider a quantization of the Virasoro deformations which are degrees of freedom of the gravitational system analyzed here. In Ref. [20] it was shown that the Virasoro algebras with imaginary central charges were acquired as algebras of the conserved charges by a quantization of the corresponding Chern-Simons theory. In the appendix B, we provide some descriptions which state that the Virasoro algebra with an imaginary central charge are also obtained by a different manner of quantization. We would like to show that the unitary irreducible representations of the Virasoro algebra with a real central charge can be obtained by geometric quantization of the coadjoint orbit prescribed by an appropriate symplectic form on the orbit. Here strict analyses will be restricted within the perturbative level under the condition c ≫ 1. We consider the unitary representations of the Virasoro algebra adopting the unitarity conditions L † m = L −m for the Virasoro generators which are usually used in conformal field theories. Then we discuss the perturbative stability of vacua by regarding L 0 as the energy function. The unitarity and the stability of vacua require that the conformal weights of the primary states should be real and positive. It means in the sense of the three-dimensional gravity that only the point particle geometries, i.e., without angular momenta, and their Virasoro deformations can provide the unitary and stable quantum theory. The geometries with excess angles are forbidden.
It is known that the Chern-Simons theory on a manifold with boundaries reduces to the chiral WZNW theories on the boundaries [21] . In the case of the Chern-Simons gravity with (negative) positive cosmological constant, it is shown that the chiral WZNW theories furthermore reduce to the Liouville field theory under the asymptotic (anti-)de Sitter boundary condition [22, 10] .
In the section 4 we see the explicit correspondence between three-dimensional geometries and Finally we provide some discussions in the section 5. 
On the Kerr-de Sitter Solution
The Kerr-de Sitter solution is characterized by its ADM-like mass M = − µ 8G and angular momentum J. In the Schwarzschild coordinates (t, r, φ), its metric ds 2 (µ,J) is given by
The space-time has the cosmological horizon at r = r + ,
if µ ∈ R for J = 0 or µ ∈ R ≥0 for J = 0. In the case J = 0, this metric represents a point particle sitting at r = 0 [19] ,
where we transformed the coordinates as follows,
We have to make the identificationφ ∼φ + 2π √ µ because φ ∼ φ + 2π. Thus this geometry has a conical singularity at r = 0 with a deficit angle 2π 1 − √ µ if 0 < µ < 1. On the other hand, we do not have any physical interpretation for space-time for µ > 1 which has an excess angle 2π √ µ − 1 . In the case of J = 0 and µ < 0, N 2 becomes negative in the coordinate system used in the eq.(2.1). Thus we will omit this case in the most part in this paper unless explicitly mentioned, although this metric can be rewritten in the form of de Sitter metric locally by an appropriate coordinate transformation. 2 We will mainly use another coordinate system (τ, z,z) which is defined below. By the coordinate transformations, 
For these coordinate transformations to be well-defined, the range of r is restricted in
Therefore we will consider the region of the Kerr-de Sitter space-time defined by −∞ < t < ∞, 0 ≤ φ < 2π and the above range of r.
These geometries can be represented in the coset space SL(2;C)/SU(1,1). 3 Let us consider a non-compact region in SL(2;C)/SU(1,1) constituting of the elements
The metric on this region induced from the Killing metric of SL(2;C)/SU(1,1) coincides with the Kerr-de Sitter metric (2.7),
(2.12) 3 SL(2;C) generators we use in this paper are
These satisfy J a , J b = ǫ abc Jc, where ǫ abc is a totally anti-symmetric tensor ǫ 012 = +1 and sl(2;C) indices are lowered (or raised) by η ab ≡ diag.(−1, 1, 1) (or η ab , the inverse matrix of η ab ). And (J a ) † = Ja.
Therefore we can make the following interpretation: G 0 gives a mapping from the parameter space (τ, z,z) to SL(2;C)/SU (1, 1) . Then the Kerr-de Sitter space-time is realized as a region defined by G 0 in SL(2;C)/SU (1, 1) . Thus each solution is characterized by its region. And its metric is induced from the Killing metric of SL(2;C)/SU(1,1).
SL(2;C) Chern-Simons Gauge Theory
It is well-known that the Chern-Simons gauge theory with an appropriate gauge group is on-shell equivalent to the three-dimensional gravity [8, 9] . 4 Therefore we can provide a quantum theory of the gravity by quantizing a classical phase space of the Chern-Simons theory. In particular, the gravity with a positive cosmological constant can be described by taking SL(2;C) as the gauge group.
The Einstein-Hilbert action is written by using the Chern-Simons action as follows,
where k = l 4G and we decomposed SL(2;C) connections A,Ā to dreibein e a and spin connection ω a ,
The three-dimensional space M is parametrized by τ, z, andz. In this paper we consider a two-dimensional boundary of M at τ −→ −∞ which is parametrized by z andz. In the above form (2.13), the gravitational action has a boundary contribution. We note the fact that this boundary term has a well-known form for solutions of the equations of motion, 
For the equations (2.14) to hold, G andḠ must satisfy the following relation
where the relation ǫ −1 J a ǫ = −J a = − (J a ) † is useful. That is, only if this condition is satisfied, the SL(2;C) Chern-Simons theory can be regarded as a gravity.
The correspondence between SL(2;C) flat connections and the Kerr-de Sitter geometries can be made by the following ways: First we define a mapping, SL(2;C)×SL(2;C) −→SL(2;C) by
where it is assumed that G andḠ satisfy (2.17). Thus G satisfies
G is invariant under the right diagonal SU(1,1) transformation which preserves the relation
20)
Since G satisfies (2.19), we can identify G with G 0 (2.11) corresponding to the Kerr-de Sitter space-time. We consider the following decomposition of G 0 ,
Then we construct the flat connections (2.16) from G 0 andḠ 0 ,
(2.23)
The dreibein obtained from A 0 ,Ā 0 are written in the form
Thus these SL(2;C) flat connections provide descriptions of the Kerr-de Sitter geometry in the Chern-Simons gravity, that is, ds 2 = 2Tre 2 = ds 2 (b 0 ,b 0 ) .
Phase Space of de Sitter Gravity
In studies of the three-dimensional anti-de Sitter gravity, a generalization of anti-de Sitter and the BTZ black hole solutions was considered [22, 23, 24, 17] . Applying their methods to the de Sitter case, we find the following solutions,
(2.24)
Here b(z) andb(z) have to be invariant under z → e 2πi z to be consistent with the coordinate transformation (2.6). These SL(2;C) flat connections are obtained as solutions of the equations of motion under the gauge fixing condition A τ = −iJ 0 ,Ā τ = iJ 0 and the following conditions which are consistent with the Strominger's boundary conditions to be asymptotically de Sitter [5] ,
The degrees of freedom of the classical solutions are two functions b(z) andb(z), and thus the phase space of the three-dimensional de Sitter gravity is composed of these functions. The asymptotic Virasoro algebras which act on this phase space are realized as residual gauge transformation, 
(2.28)
The deformations of b(z) andb(z) are given by the coadjoint actions of the Virasoro algebras with the central charge c,
The diffeomorphism corresponding to these gauge transformations is generated by the following vector fields,
The flat connections (2.24) describe a deformation of the Kerr-de Sitter space-time. Its metric
The deformed flat connections (2.24) can be solved in principle as
. The Virasoro algebras with the central charge c act on the phase space consisting of b(z) andb(z) by coadjoint actions (2.29).
Let us consider the coadjoint orbits of b = b 0 z 2 andb =b 0 z 2 . We denote them as W b 0 andWb 0 respectively. Then W b 0 ×Wb 0 can be identified with the family of
by coadjoint action of the Virasoro algebras. And the metric ds 2
. We again note that each geometry is characterized by its region in SL(2;C)/SU(1,1), although all geometries are locally equivalent to SL(2;C)/SU (1, 1) . Therefore the degrees of freedom of this system can be regarded as ways of taking a region in SL(2;C)/SU(1,1), in other words, ways of drawing a two-dimensional surface, which is a boundary of a region, in SL(2;C)/SU(1,1).
Thus this degrees of freedom may be interpreted in terms of a two-dimensional theory.
Quantization of de Sitter Gravity
In the previous section, we clarified that the phase space of the three-dimensional de Sitter gravity consists of the holomorphic and anti-holomorphic functions, b(z) andb(z) respectively, with invariance under z → e 2πi z. Here we first consider an introduction of a symplectic structure into the phase space. It was shown that the Virasoro algebras with pure imaginary central charges are obtained by applying the symplectic reduction method to the SL(2;C) Chern-Simons 5 The explicit forms of G b andḠb will be given in section 4. theory [20] . 6 We here show that there exists a symplectic form which leads to the Virasoro algebras with real central charges after quantization. The similar methods to those used in Ref. [17] for the asymptotically anti-de Sitter space-time, e.g., geometric quantization method [25, 26, 27, 28] , are applied to the case of de Sitter gravity. There is an essential difference between these two cases. While the group which acts on the phase space is Diff S 1 in anti-de Sitter case, we now must deal with the conformal group which is not globally well-defined. Thus we concentrate on perturbative analyses around de Sitter and the Kerr-de Sitter geometries. Then we consider the unitary representations of the Virasoro algebra and discuss the perturbative stability of vacua.
Coadjoint Orbit
A general element of the Virasoro algebra is written as f (z)∂ z + ac where c is a central element and a is a complex number. We denote this as (f, a). The commutation relation is given by
A general coadjoint vector has the form b(z)dz 2 + tc * where t is a complex number and c * a dual element of c. We abbreviate it as (b, t). The dual pairing between coadjoint and adjoint vectors is defined as
The coadjoint action of the Virasoro group is given by
The dual pairing is invariant under the action of the Virasoro algebra, δ f (b, t), (g, a) = 0. A coadjoint orbit is defined as an orbit of a coadjoint vector by coadjoint action of the conformal group. Let us consider an orbit of b 0 z 2 , t , we denote it as W b 0 , where b 0 is a complex number. From (3.4) for b = b 0 z 2 and f = n f n z n+1 , we find For z s = s(z), the integrated form of (3.4) is given by 
Since the central element corresponds to (0, 1), it has a constant value c = t on the orbit.
Therefore we denote t as c. A canonical symplectic structure is introduced on each coadjoint orbit by the dual pairing [27, 28] , 
Quantization of Coadjoint Orbits
We first make a perturbative analysis of the orbit W b 0 at the classical level. We set
where s n is a complex number. Then b s is expanded as the following form from the formula
The explicit form of the symplectic form is
From the inverse matrix of Ω, the following Poisson bracket is obtained
The expressions for the generators of the Virasoro algebras are
A discussion of the stability of vacua in the anti-de Sitter gravity was provided by the similar perturbative method [17] . In that case, the reality condition (s n ) * = s −n was imposed because the coordinate corresponding to z was a real parameter which parametrizes S 1 . Therefore s n s −n was positive definite and a condition for vacua to be stable was obtained from the requirement that L 0 should be bounded from below. However z is now a complex coordinate and thus no restriction is imposed on s n at the classical level.
We Each unitary representation of the Virasoro algebra is labeled by its highest weight state |h .
The highest weight state satisfies L 0 |h = h|h and L n |h = 0 for n ≥ 1. In particular |0 satisfy L −1 |0 = 0 in addition to the above conditions. The unitary irreducible representations V h=b 0 corresponding to W b 0 (b 0 > 0) are constructed by acting the Virasoro generators L −n (n ≥ 1) on |b 0 . The unitary irreducible representation V ′ h=0 corresponding to W b 0 =0 is given by acting L −n (n ≥ 2) on |0 .
Quantization of Gravity in dS 3
The phase space of the three-dimensional de Sitter gravity is composed of de Sitter, Kerr- We provide some comments for the geometries with J = 0 and µ < 0. As noted in the previous section, these geometries seem to be unphysical in the Schwarzschild coordinates. However, according to the discussion in this section, they are naturally included in the phase space constructed here and are represented by the following region in SL(2;C)/SU(1,1),
with m ≡ −µ. The induced metric on this region is given by
The Virasoro deformations of these geometries can be defined by the same way as those explained until here. After quantization, furthermore, the states of these geometries are allowed under our consideration about the unitarity and stability at the perturbative level.
On Three-dimensional de Sitter Gravity and Liouville Field Theory
It is well-known that the Chern-Simons action on a manifold with boundaries reduces to the chiral WZNW actions on the boundaries [21] . It was shown that the action of the three-dimensional anti-de Sitter gravity which is written by two SL(2;R) Chern-Simons actions reduces to the nonchiral WZNW action and furthermore it reduces to the Liouville field theory under the boundary conditions being the asymptotically anti-de Sitter space-time [22] . Recently analogous analyses were done in [10] for the three-dimensional de Sitter gravity with the asymptotically past de Sitter space-time.
Reduction to Liouville Field Theory
We briefly review processes of the reduction to the Liouville field theory [10] in order to fix the notations we use here.
The Einstein action is given by the SL(2;C) Chern-Simons action (2.13). The reduction is carried out by two stages. At the first stage, we impose the following reduction conditions,
at the infinitely past τ −→ −∞. These conditions are same as (2.25) . Under these conditions and the gauge fixing A τ = −iJ 0 ,Ā τ = iJ 0 , the flat connections are written as
where G andḠ are group elements of SL(2;C) and behave at τ −→ −∞ as
Substituting these flat connections into the SL(2;C) Chern-Simons action, we obtain two chiral WZNW action in terms of g(z,z) andḡ(z,z) respectively. Then changing the variables,
two chiral WZNW actions are combined to the non-chiral WZNW action, At the second stage of the reduction, conditions which are on-shell equivalent to the equations (2.26) in the previous section are imposed on the conserved currents of the WZNW theory. We can explicitly describe them by using the Gauss decomposition
(4.6)
Then the constraints are written by
where J z = ∂ z hh −1 andJz = h −1 ∂zh. After applying the constraints, the WZNW action (4.5)
reduces to one of the Liouville field theory,
Moreover transforming to the conformal gauge of the metric on ∂M and redefiningΦ = γΦ , the action is written as
where Q = 2 γ = l 2G and λ = 16 l 2 .
3d gravity and Liouville Field Theory
General solutions of the equation of motion of the Liouville theory are locally given by the following form [29] 
where F is a holomorphic function F = F (z) andF is anti-holomorphicF =F (z). While e γΦ must be invariant under z → e 2πi z, F andF are not required to have this invariance.
We give explicit connections between these classical solutions and three-dimensional geometries. From the constraints (4.7) we find
Substituting these relations and the classical solutions (4.10) into the Gauss decomposition of h (4.6), h can be written as the decomposed form into holomorphic and anti-holomorphic parts,
(4.12)
By following the inverse procedures of the reduction from the Chern-Simon theory to the Liouville theory, the SL(2;C) flat connections corresponding to (4.10) can be obtained as
(4.13)
We identify A andĀ with the generalized solutions A b andĀb (2.24). Then b (b) is written by
That is, b(z) b (z) coincides with the stress tensor of the holomorphic (anti-holomorphic) part of the Liouville theory. By using F andF , G b andḠb (2.32) are written as G b = g(z)e −iτ J 0 and
Gb =ḡ(z)e iτ J 0 . Thus we can give the explicit form of the region corresponding to the deformed space-time,
Setting F = F 0 ≡ z a andF =F 0 ≡zā, the region G 0 (2.11) corresponding to the Kerr-de Sitter solution is obtained.
We would like clearly to see the relationship between the phase space of the three-dimensional The infinitesimal form of the transformation is
where we took z s = z − f (z) and f is a single valued function on the complex plane. Setting F = F 0 and f = −i n u n z −n+1 , in particular, we consider deformations of the solution corresponding to the Kerr-de Sitter geometry,
(4.17)
For this F f , the stress tensor (4.14) becomes
Then we find
where b 0 = c 24 (1 − a 2 ). These coincide with the perturbative expressions, (3.14) and (3.15) , of the Virasoro generators if we identify u m with s m . Therefore we obtained the correspondences between the infinitesimal Virasoro deformations of the Kerr-de Sitter geometries and those of configurations of the Liouville field. Thus the quantization of this Liouville theory is expected to reproduce the same unitary irreducible representations of the Virasoro algebras as those of the three-dimensional gravity obtained in the previous section.
In the quantum Liouville field theory [29, 30] , the primary field is given by e αΦ (α ∈ C) with weight − 1 2 α(α − Q). And the primary state is defined by |α ≡ lim z→0 e αΦ (z)|0 which satisfies
where |0 is the SL(2;C) invariant vacuum, L n |0 = 0 for n ≥ −1. The representations of the Virasoro algebra are constructed by acting L −n (n ≥ 1) on |α and L −n (n ≥ 2) on |0 , respectively.
The primary state |α ⊗ |α is identified with the state of the point particle without angular momentum in the 3d gravity by matching the conformal weight with b 0 = c 24 (1 − µ), 
Discussions
We would like to discuss relations between the holonomies of SL where a = 1 − b 0 c/24 andā = 1 −b 0 c/24 as defined before. Thus the Kerr-de Sitter metric can be characterized these holonomies as well its mass and angular momentum. Substituting the solution corresponding to this geometry in the Liouville theory into the right hand side in the eq.(4.10), we find
Here we ignore the denominator of the right hand side in the eq.(4.10), that is, the effect of the Liouville potential, thus this equality is not strict. However comparing this equation with the following expansion Φ ∼ x − ip ln z + (anti-holomorphic part), we obtain
These correspond to the relations which used in the Ref. [17] to investigate a quantization of three-dimensional gravity with a negative cosmological constant in the view of the Liouville field theory. As pointed out in that paper, we should also consider quantization of these global degrees of freedom, holonomies, within the three-dimensional gravity.
We think that more accurate analyses are needed in order to completely understand the quantum nature of the three-dimensional de Sitter gravity. First we implicitly assumed in this paper that the states obtained by quantization of the phase space of the gravity, e.g., de Sitter or point particle geometries, are normalizable. On the other hand the primary states corresponding to the point particle geometries are non-normalizable in the Liouville field theory. To clarify origin of this discrepancy, it is needed to study the global structure of the phase space and to strictly define the inner product between quantum states in the de Sitter gravity. Next In this paper we used the coordinate system corresponding to the planar coordinate of de Sitter space. In general quantum theory might depend on the choice of the coordinate system, e.g., the vacua corresponding to different coordinates could be connected with each other by the Bogoliubov transformations. Therefore it is meaningful to investigate quantum theory of the de Sitter gravity in other coordinate systems, particularly in the global coordinate.
For the space-time metric
the Brown-York stress tensors are given by
Substituting the general space-time metric (2.31), the bulk terms of the above stress tensors vanish and only boundary contributions remain,
B Canonical Quantization of SL(2; C) Chern-Simons Gravity
In this appendix, as mentioned in the section 2, we make a canonical quantizationà la Dirac of three-dimensional de Sitter gravity described by the action (2.13). (The case of three-dimensional anti-de Sitter gravity is discussed in Ref. [24, 32] .) Then we find the Virasoro algebra with a pure imaginary central charge as the asymptotic symmetry. SL(2; C) Chern-Simons action is defined from (2.13): 10
where A is the sl(2; C)-valued 1-form related to dreibein and spin connection by (2.14) . M is a three-dimensional manifold whose topology is R × R 2 . M is parameterized by (τ, ρ, σ) whose region is (−∞ < τ < ∞, 0 ≤ ρ < ∞, 0 ≤ σ < 2π). We concentrate on S CS (A) part only in the sequel since the discussion on S CS (Ā) part is parallel.
M is a non-compact manifold with a two-dimensional boundary τ → −∞ and ρ → ∞. Thus we require the boundary condition for A so that the action (B.2) is differentiable with respect to A ρ and A σ :
where z = e ρ+iσ and A z = (A ρ − iA σ )/2z, Az = (A ρ + iA σ )/2z. This boundary condition is the same as (2.25). As for the boundary ρ → ∞ we include the boundary term in the Chern-Simons action so that the action is differentiable with respect to A a τ . We make a canonical quantization of the Chern-Simons action S CS [A]. S CS [A] is invariant under the gauge transformation δA a µ = D µ λ a (D µ λ a = ∂ µ λ a + ǫ a bc A b µ λ c ) and thus describes a constrained system. The standard recipe of Hamiltonian formalism of constrained systems yields the following constraints in addition to π τ a = 0 and the Gauss law constraint: 11
We fix the gauge A a τ = −iJ 0 and will explicitly solve the Gauss law constraint later on. Thus the Dirac bracket of the remaining dynamical variable A a i under the constraint (B.4) becomes
By means of the Dirac bracket (B.5), the Dirac bracket between the functionals F [A] and G[A]
of the dynamical variables A a i (x) is given by
where Σ denotes the space-like surface R 2 of constant τ .
By using the bracket (B.6), the algebra of the generators of the gauge transformation δA a i = D i λ a can be obtained. The generator of the gauge transformation is given by the Gauss law constraint:
where F a ρσ = ∂ ρ A a σ − ∂ σ A a ρ + ǫ a bc A b ρ A c σ . ∂Σ denotes the boundary of Σ at ρ → ∞ and the boundary term is supplemented for Q(λ) to be differentiable with respect to A a i . From (B.6) and (B.7), one can easily find the algebra of the generator Q(λ):
As mentioned above, we solve explicitly the Gauss law constraint and the equations of motion of A a i under the boundary condition (B.3) and the gauge fixing condition for A a τ . The general solutions are given by A a τ = −iJ 0 = g −1 ∂ τ g, A ā z = 0, and A z = g −1Â (z)g (g = e −iτ J 0 ). (B.9)
The space of these general solutions is invariant under the gauge function λ a = g −1λa (z)g. The generator of this gauge transformation gives the global charge of the Chern-Simons theory on a manifold with the boundary [33] . On this classical phase space, the generator of the gauge transformation with this gauge function is reduced to Q(λ) = g −1Q (λ)g ,Q(λ) = ik 4π ∂Σ dz η abλ a (z)Â b (z). (B.10)
We note that the generator is given by the boundary integral only.Q(λ) satisfies the same algebra as that of Q(λ):
In the similar manner to the case of conformal field theory on R 2 , we expandÂ a (z) andλ a (z) where c = 6k = 3l 2G . This is the Virasoro algebra of the asymptotic symmetry on the asymptotically three-dimensional de Sitter space-time. 
